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ABSTRACT
STOCHASTIC MODELING
FOR MOBILE MANIPULATORS

Xie Jiayu
Marquette University, 2021

Mobile manipulators are valuable and highly desired in many fields, especially in
industrial environments. However, determining the end effector position has been
challenging for scenarios where the base moves at the same time that the arm follows
commands to perform specific tasks. Earlier works have attempted to dynamically
evaluate the problem of positioning error for mobile manipulators, but there is still
room for further improvement. In this thesis, we devise a dynamical model that
leverages stochastic search strategies for mobile manipulators. More specifically, we
develop a dynamic model that estimates the position of the robot using an Unscented
Kalman filter. Simulations using the Robot Operating System (ROS) and Gazebo
were carried out to evaluate our model. Our results for the stochastic method show
that it outperforms a deterministic approach (spiral search) under specific Kalman
filter covariances of the process and observation noises. Compared to the state of
the art, our proposed approach is more robust and efficient, proving to work under
different arrangement scenarios with significant better performance.
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CHAPTER 1
INTRODUCTION

Mobile robots, such as the one illustrated in Figure 1.1, can facilitate a variety of
human tasks, especially in industrial environments. They can reduce human efforts
and increase the safety of tasks within industrial facilities [3, 4, 5]. In addition, mobile
manipulators have been used to carry materials between workstations [6] and worked
alongside humans on moving assembly lines [7]. Their applications are not limited to
industrial environments. Within healthcare field, robotics can make a big difference to
tackle the current challenges faced by both patients and providers: elderly individuals
require daily assistance and many healthcare facilities do not have enough personnel
and when there is, the associated costs are high. Robots can assist the healthcare
professionals to fulfill these needs. For instance, in [8] a system that integrates a
robotic bed and a mobile manipulator was designed for bedside assistance.

Figure 1.1: Elements of a mobile manipulator, illustrating the manipulator arm (i),
its control box (ii) and the mobile base (iii). Figure from [1].
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Although mobile manipulators have been in use for a while, they still face some
limitations. Traditional stationary manipulators have a limited workspace, since the
fixed position of the robot base dictates a static area within which the goal can
be accomplished. Mobile manipulators, on the other hand, have the potential to
fill this gap, since they require minimal reconfiguration to enable reassignments [9].
Furthermore, the use of mobile manipulators over fixed robotics in manufacturing
environments can result in more agile and money-saving scenarios, as a single mobile
manipulator can replace several stationary manipulators. Figure 1.2 shows one example of a stationary and a mobile manipulators.

(a) A stationary manipulator.

(b) A mobile manipulator.

Figure 1.2: An example showing the two types of manipulators. In (a), the base is
fixed and in (b) the base can move.

Regardless of their numerous advantages, mobile manipulators still lack accuracy in end effector positioning in the absence of external localization and feedback
control. This is due to the dynamic interaction in scenarios where both the manipulator and the mobile platform move simultaneously [10]. Some previous works have
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been proposed to address this drawback. In [11] for example, the authors used deterministic approaches such as a spiral search around the expected location, with the
platform stationary.
1.1

Motivation
Research interest in mobile manipulators has been steadily increasing over the

last two decades [12, 13, 14]. Studies have been conducted in robot navigation, path
planning, and performance evaluation [15, 16, 17]. Mobile manipulators have been
the subject of study in diverse applications related to problems in anthropomorphic
locomotion mechanisms [18, 19, 20] or industrial applications where force amplification is needed, especially to optimize ergonomy. For instance, studies that aim
to build ergonomic models where reduced muscle activation is needed to perform a
drilling task [21].
Despite the wide range of applications and environments in which mobile manipulators can be useful, dynamic manipulation is still a challenging task [7, 22, 23].
The conventional way of dealing with manipulators focuses on control and stability
of both the base and arm [24, 7]. Since mobile manipulators are complex systems,
different research areas are concerned with specific elements of such systems. For
instance, in [25], the focus was on the design of a Cartesian controller that combines
the movement of the base and the arm to achieve specific 3D poses of the end effector,
but the system lacks robustness to calibration issues when performing experiments
with a real robot. According to the authors, the end effector reached the goal pose in
the simulations, whereas in the real world experiments the end effector was slightly
shifted with respect to the marker, due to arm calibration bias.
Mobile manipulators require significant calibration because they tend to suffer
from reduced precision in comparison with stationary manipulators, where there is no
motion of the base [26]. Existing methods to address this problem have used determin-
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istic perspectives [11], with the platform stationary, to localize a set of retroreflective
markers utilizing a photoeletric laser sensor attached to its end effector.
We decided to build our approach upon the method proposed by Yaw et al.
[26]. That particular work considers the problem of dynamic performance measurement for mobile manipulators, which is also one of the main goals of this thesis. In
addition to this common purpose, the authors built two dynamic search methods to
locate fiducials from a mobile platform: a spiral-based deterministic mechanism and
a stochastic procedure based on a Kalman filter. Both methods allow the robot to
explore a calibration artifact and search for fiducials with the base in motion.
Despite the good results presented in [26], improvements could be made in the
theoretical model of the stochastic system. For instance, a dynamic adjustment of
the process covariance can improve the estimation step of the Kalman filter. This
can be achieved by increasing the covariance of the observation noise when a marker
is not found after the search process. As a consequence, we expect this procedure
to result in the generation of sample points that are closer to the fiducial position
and thus increase the probability of locating it. Furthermore, the need to perform
a search if there is no fiducial interception could be reduced if we take into account
the time interval between observations in the prediction process. Consequently, the
performance would improve due to a lower overall search time.
1.2

Objectives
In this thesis we aim to devise a stochastic model to predict the position of

a mobile manipulator as it moves along a stationary path, and to quickly locate
objects of interest in the presence of motion uncertainty. Building upon the approach
proposed in [26], we provide a more precise theoretical model of the platform and
a more comprehensive assessment of the performance of the system as a function of
several parameters that impact the configuration of the environment where the robot
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operates.
1.2.1

Specific objectives
To achieve our overarching goal, we propose the following four specific objec-

tives.
Objective 1: Design a mathematical model of the system
Prior to designing a stochastic search method, we need to define the problem
mathematically. In order to more accurately reflect the characteristics of the actual
system, we model the problem using a state-space representation. By iteratively
refining and evaluating the mathematical model, it is possible to determine if any
modelling assumption or approximation is invalid.
Objective 2: Design Kalman filters to estimate the state of the mobile
manipulator
The main objective of the thesis is to design a Kalman filter that best fits our
problem definition. The Kalman filter is a recurrent algorithm that estimates the
state of a system given measurements observed over time [27]. In our problem, we
make use of the Kalman filter to estimate the location of the base at the position
where it should find a fiducial. A laser sensor attached to the end effector is used to
localize the fiducials. When a detection happens, measurements from the laser are
collected and transformed through the state of the mobile manipulator and used as
inputs for the next prediction. These inputs are used to refine the estimated base
position where the mobile manipulator should locate the next fiducial in the sequence.
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Objective 3: Implement the system using the Robot Operating System
(ROS)
Robot Operating System (ROS) is a framework of libraries and tools to perform most common robotic tasks. Another advantage of ROS is the fact that it facilitates collaborative robotics software development across universities and institutions
[28]. We make use of this framework to avoid the need to re-implement commonly
used features in most of robotic applications, such as inter-process communication,
navigation, drivers, motion planning and perception, among others.
Objective 4: Evaluate the system using the Gazebo simulator
In order to validate our model, we need to perform extensive simulated experiments. This objective also serves to assess the robustness of the devised method to
different base velocities and distinct path arrangements.
1.3

Contributions
We developed a Bayesian algorithm using an Unscented Kalman filter to better

estimate the pose of the mobile manipulator in a scenario where the arm and the
base move simultaneously. More specifically, we consider a scenario in which both
the Autonomous-Unmanned Ground Vehicle (A-UGV) and the robotic arm move
simultaneously while the mobile arm localizes small objects in a known reconfigurable
mobile manipulator artifact (RMMA) such as the one shown in Figure 1.3. The small
objects consist of multiple retroreflective markers embedded in the RMMA. While
the A-UGV moves at a pre-defined speed in a certain direction (which can be either
in the positive or negative direction of the x-axis), a 6 degrees-of-freedom (DOF)
manipulator mounted on the A-UGV has to align its end effector in the same position
and orientation with respect to each marker in sequence until the entire artifact has
been observed. In order to intercept the markers, a laser sensor is mounted to the
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end effector as shown in Figure 1.4.

Figure 1.3: Example of a reconfigurable mobile manipulator artifact (RMMA) similar
to the one we used in our experiments.

Figure 1.4: Laser sensor mounted on the end effector of the UR5 manipulator used
in this thesis.
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Hence, the main contribution of this work is a dynamical model system that
may be used to estimate the state of a mobile manipulator over time, correcting the
position of the end effector under uncertainties and platform noises.
1.4

Organization
This thesis is organized as follows. Chapter 2 presents the background on the

kinematics of mobile manipulators, and provides two types of search methods explored
in this work. It also discusses the software infrastructure under which the proposed
model was implemented and tested followed by an overview of the state-space representation and the different categories of Kalman filters. Chapter 3 describes our
proposed approach using a linear Kalman filter, followed by some of the limitations
of this method and how we mitigated them by approaching our problem using a nonlinear perspective. Chapter 4 explains how the system model was implemented and
evaluated using ROS and how the data was collected, describing the configuration
of the simulated platform as well as the experimental setup. Chapter 5 presents the
results obtained in this thesis and an analysis of the results. Chapter 6 discusses the
final conclusions from this work and lists some possible future works.
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CHAPTER 2
BACKGROUND AND RELATED WORK

In this chapter, we first provide the necessary background on the kinematics of mobile
manipulators, which includes both the task of forward kinematics as well as the task
of inverse kinematics. Next, we transition to a discussion of search methods for
robotic manipulators and provide an overview of how this task has been approached
in the literature, from a deterministic point of view to a stochastic perspective. In the
sequence, we provide an overview of the software infrastructure later used to evaluate
our dynamic model. Finally, we cover the concepts of state space representation,
followed by Kalman filters, their applications, and comparisons between linear and
non-linear estimation models.
2.1

Robot Kinematics
A robotic mechanism can be expressed as a set of rigid structures named links

that are connected through a set of joints. Figure 2.1 illustrates the structure of a
robotic arm, contrasting the links and joints in a robotic arm to the representation
of a human arm. Kinematics is the study of the relationships between the robot’s
joints and its corresponding spatial layout, so that the position of the robot and its
motion can be accurately estimated. A robot’s layout can be represented with either
a list of joint coordinates (angle and translation with respect to a reference frame) or
with a spatial characterization of its links in the corresponding 2D or 3D workspace.
2.1.1

Forward Kinematics
Forward Kinematics (FK) is the procedure of obtaining the coordinate frames

of a robot’s links, given a configuration and the robot’s kinematic structure as input
[30]. For instance, the forward kinematics problem of a stationary robotic arm is

10

(a) Structure of a robotic arm.

(b) Links and joint in human
arm.

Figure 2.1: An example showing (a) the structure of links and joints in a robotic arm
and (b) how similar it is to a human arm. Reproduced with permission from [29].

equivalent to calculating the Cartesian position and orientation of the end effector,
given the joint angles as input.
2.1.2

Inverse Kinematics
Inverse Kinematics (IK) is the inverse process. That is, given the relative

positions and orientations of the end effector relative to the base, the task is to find
the values of all of the joint positions [31]. For a robotic arm, the problem can be
translated to the following question: what are the joint angles of the robot so the end
effector achieves a specific position and orientation in a Cartesian coordinate system?
Whereas for a mobile robot the task would be the calculation of the wheel velocities
given the goal pose of the robot [29]. Figure 2.2 shows a simple example

1

of the

difference between a FK problem (left) and an IK problem (right).
2.2

Search methods for mobile manipulators
In the context of this thesis, the purpose of a search process is to increase the

probability of locating specific fiducials in the reconfigurable artifact. The need to
1

Source: (https://www.cs.cmu.edu/ motionplanning/lecture/Chap3-Config-Space howie.pdf)
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Figure 2.2: Comparison between Forward Kinematics (left) and Inverse Kinematics
(right), where L1 and L2 are the links, α. β, and γ are the joint angles and (x, y) is
the end effector position in x and y coordinates.

perform such an operation is to increase the chances of locating each marker. In this
thesis, we explore two methods: a stochastic search method using a Kalman filter
and a deterministic approach based on a spiral search strategy.
The spiral search method was initially proposed in [26], which adapted the
method described in [11] for use in dynamic manipulation scenarios. The main focus
of this thesis are stochastic search strategies. The principal hypothesis guiding our
preference for a stochastic approach over a deterministic one is that the estimates
generated by a Kalman filter should yield more precise sample positions in which
the object of interest is likely to be located. In contrast, the deterministic approach
consists of a brute force search, significantly increasing the effort needed to locate the
markers.
Another advantage of the Kalman filter is the fact that it is an optimal estimator from a least squares perspective as long as the model satisfies the filter’s
assumptions, that is, when both the observation and process noises are normally dis-
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tributed and the system dynamic and observation models can be represented using
linear relationships [32].
Spiral search
The spiral search algorithm consists of creating evenly spaced waypoints on
a spiral placed at the expected position of the fiducial. Figure 2.3 illustrates the
waypoints generated along the spiral path. In terms of parameterization, both the
gap between waypoints along the path of the spiral and the distance between adjacent
paths can be adjusted and optimized according to the search area to be covered. More
implementation details of this method can be found in [26] and [11].

Figure 2.3: Sample points from the spiral search method.

Stochastic search
In contrast with the deterministic approach, the stochastic method builds its
search path from random samples generated according to an estimated probability
distribution of the location of the fiducial. As detailed in Chapter 3, in this thesis
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a recursive Bayesian estimator (more specifically, variations of the Kalman filter) is
used to estimate this distribution. First, it estimates the base position at which
the end effector attached to the arm should locate the fiducial. From the predicted
base position, through the kinematics of the robot, we can obtain the predicted end
effector position and then perform the sampling centered in this position.
The search path starts with samples collected from corresponding regions of
high probability according to the estimated distribution, moving to lower probability
samples. In this way, it is expected a balance between exploration and exploitation
that increases the probability of interception, and this reduces the search time [1].
In more details, the proposed stochastic sampling utilizes a Gaussian distribution, centered at the estimated position of the fiducial with a covariance equal to the
prediction covariance also provided by the Bayesian estimator. The sample points
are generated according to Equation 2.1
sk ∼ N (x̂k|k−1 , Pk|k−1 ),

(2.1)

which represents a normal distribution with mean x̂k|k−1 (predicted position of the
end effector) and covariance Pk|k−1 .
Following [26], we discretize the search path to reduce the amount of overlap in
the cumulative receptive field. The motivation for the discretization is that the normal
distribution used to generate samples in the stochastic search method is continuous,
such that without this procedure a large number of samples are very closely spaced,
as Figure 2.4 illustrates.
2.2.1

Motion compensation
As mentioned in [26], as the base of the robot is in motion during the search

process, the search points generated as described in Equation 2.1 must be compen-
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Figure 2.4: Discretization of the stochastic search sample points. a) The blue circles
represent 200 samples generated by the stochastic search method and the orange
stars represent the 50 highest probability points. b) After discretization, the points
are distributed over the entire search area, rather than being localized near the center
of the distribution.

sated for the base displacement. That is,
ŝk = sk + vb δk ,

(2.2)

where ŝk is k-th velocity-compensated sample, vb is the base velocity and δk is the time
elapsed as the manipulator moves between point k − 1 and k. Figure 2.5 illustrates
the samples generated by the Gaussian distribution and the velocity-compensated
samples.
2.3

ROS and Gazebo
In this section we present an overview of the software infrastructure used in

this work.
2.3.1

Robot Operating System (ROS)
ROS is a set of software tools and libraries created with the purpose to fa-

cilitate the control and handling of different types of robotic modules [28]. The
need for an open collaboration framework across the robotic research community was
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Figure 2.5: Example of one set of sample points, (a) before velocity-compensation
and (b) after velocity-compensation.

the motivation to develop such a system, built to encourage collaborative software
development in robotics. Since its introduction in 2009 [33], many tasks have been developed using ROS. Some common robotic tasks within the ROS community include:
object retrieval, map building, and navigation in indoor and outdoor environments.
In the following paragraphs, we summarize some features of ROS based on information provided in [34] and [28].
ROS structure
The communication among the elements of a ROS-based system is based on a
peer-to-peer network, and the main components of the connection graph are described
below:
Nodes: Nodes are the processes that perform computation. For example, we can
have one node to control a laser range-finder, a node to control the wheel motors,
and another to perform localization.
Master: The master node allows other nodes to find each other, exchange messages,
or invoke services. They are routed via a transport system with publish/subscribe
semantics. All the nodes must subscribe to the Master in order to publish or collect
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data. An example is shown in Figure 2.6.

Figure 2.6: Illustration of the relationship between the ROS master and the nodes
(blue ellipses). All nodes must subscribe to the ROS master.

Topics: Nodes communicate with each other by publishing messages to topics, as
Figure 2.7 illustrates. A talker node publishes a message to a topic, which is then
accessible to corresponding listener nodes.

Figure 2.7: Illustration of the ROS communication process based on topics.

ROS Services: Services allow one node to call a function that executes in another
node. It employs a Service/Client model with a one-to-one request-response approach.
ROS Packages: The software in ROS is organized in packages. A package is a
combination of code, data, and documentation to address a specific robotic need,
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such as the tf package described below.
TF Package
One of the most common tasks in robotics is coordinate frame transformation. For every task we want the robot to perform, there is always a target system
of coordinates that is not necessarily the same as the source. Both source and target coordinates are defined with reference to some global coordinate system. The
tf package provides a convenient way of handling different coordinate systems by
enabling the tracking of each coordinate frame over time and allowing the user to
request any transformation between two frames at any time. Figure 2.8 shows the
relations among some of the coordinate frames in our ROS-based robot model.

Figure 2.8: Some frames of our simulation environment and their relationships. The
map frame represents the origin of the global coordinate system, the odom frame
corresponds to the position of the base with respect to the map as measured by its
odometry, the base link is the body frame of the robot, arm base link represents the
reference frame of the arm and arm ee link is for the frame of the end effector.
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2.3.2

Gazebo
Gazebo is a 3D dynamic simulator that reproduces robots in complex indoor

and outdoor environments [35]. It allows the user to define robots using the Simulation Description Format (SDF) or the Unified Robot Description Format (URDF).
Such models consist of a structured description of the characteristics of the robot,
such as its shape, joints, and wheels. Gazebo also provides tools to create the environment surrounding the robot, such as walls and objects. We used the Gazebo
simulator to rapidly and safely test our model. The choice of this specific simulator is
due to its interface that can be connected with ROS through the gazebo ros package,
allowing the user to quickly interchange real processes with simulated ones. Figure
2.9 illustrates the environment we created in Gazebo for the work described in this
thesis.

Figure 2.9: Our simulation environment created in Gazebo.
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2.4

State-space representation
Representing systems with differential equations or transfer functions becomes

unmanageable as these systems become more complex, especially when they have
multiple inputs and outputs. The state-space representation is a powerful strategy
to alleviate this problem.
Following the notation in [36], the state-space representation of a discrete
system of order n can be mathematically defined by a minimum set of variables xi [k]
with i = 1, ..., n. Together with the knowledge of those variables at an initial time
step k0 and the system inputs for time steps k ≥ k0 , these are sufficient to predict
the future state and outputs of the system.
For discrete-time Linear Time-Invariant (LTI) systems, state-space representations generally comprise two equations: (a) the “state equation” which describes
how the input influences the state; and (b) the “output equation” which describes
how the state together with the input impact the output. Figure 2.10 illustrates the
dynamic behavior of the system inputs and outputs.

Figure 2.10: Diagram depicting the relationship between the inputs and the outputs
of a system represented using the state-space representation.
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2.5

Kalman filters
The Kalman filter is a recurrent algorithm that estimates the state of a system

given measurements observed over time [27]. Highly accurate under uncertainty and
noise, Kalman filters are largely used in many applications, such as target tracking,
feature tracking in computer vision, filtering credit market data in economics [37],
and terrain-referenced navigation [38].
The formulation of a Kalman filter is based on the state-space representation
and is composed of two main steps: the prediction step and the update step. Figure
2.11 shows the steps inside each of these two main blocks, which can be described
as follows. First, the prediction step captures the evolution of the state from time
k − 1 to time k. That is, the filter predicts the state of the system by making use of
the system’s model together with the knowledge of its state at timestep k − 1. The
update step then captures the relationship between the state and the measurement,
with a comparison between the prediction made by the filter at time k − 1 and the
actual measurements collected at time k. Based on how accurate this last prediction
was, the filter then assigns a new weighed estimate for the state at timestep k.
2.5.1

Linear Kalman Filter
A linear Kalman filter can be described as follows. The notation we use in

this section and later in Chapter 3 to describe our proposed model follows the one
adopted in [39].

Prediction
x̂[k|k − 1] = Fk x̂[k|k − 1] + Bk u[k]
(2.3)
T

P [k|k − 1] = Fk P [k|k − 1]Fk + Qk
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Figure 2.11: Diagram showing the steps of the Kalman filter.

Innovation
ỹ[k] = z[k] − Hk x̂[k|k − 1]
Sk = Hk P [k|k − 1]Hk T + Rk

(2.4)

Kk = P [k|k − 1]Hk T + Sk −1

Update
x̂[k|k] = x̂[k|k − 1] + Kk ỹ[k]
P [k|k] = (I − Kk Hk )P [k|k − 1]

(2.5)

ỹ[k|k] = z[k] − Hk x̂[k|k],
where x̂[k|k − 1] is the predicted filter state associated with a covariance matrix
P [k|k − 1] at time step k given the state at k − 1. Fk is the state transition matrix,
while Qk represents the process noise covariance. ỹ[k] is the innovation, which is
the difference between the measurement z[k] and the predicted state projected into
the measurement space using the observation matrix Hk . Rk is the observation noise
uncertainty associated with the system uncertainty Sk projected onto the observation
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space. The Kalman gain at time step k is given by Kk . At the update step, x̂[k|k] is
the corrected state estimate associated with a covariance matrix P [k|k] at time step
k. I is the identity matrix and ỹ[k|k] is the updated innovation.
The filter is initialized with a previously known state and its associated covariance. In the prediction step, the process model is responsible for predicting the
state for the next time step and then adjusting the confidence to account for the
corresponding uncertainty. When a measurement is collected with a corresponding
confidence about its accuracy, the residual between the predicted observation and the
actual measurement is computed. The Kalman gain can be understood as a scaling
factor that weights the influence of the measurement and the prediction according
to their uncertainty. This scaling factor is then used to set a state between the prediction and the measurement. Finally, the filter updates the confidence in the state
according to the reliability of the measurement.
The propagation of a Gaussian random variable (GRV) through the system
dynamics plays an essential role in the Kalman filter functionalities. In the next
section, we explain in details how this propagation occurs within non-linear systems.
2.5.2

Extended (EKF) and Unscented Kalman Filter (UKF)
According to [2], the Extended Kalman Filter (EKF) is the most used tech-

nique for non-linear estimation. However, in that same paper, the authors point out
limitations of this approach that can be mitigated by the Unscented Kalman Filter (UKF). Thus, the UKF is typically more accurate than the EKF for non-linear
systems. In this section, we present a theoretical background of how these two algorithms work, justifying our choice for the UKF over the EKF in this thesis. Finally,
a mathematical formulation of the UKF is provided.
Regarding the propagation of a Gaussian random variable (GRV) through the
system dynamics, the EKF approximates the state distribution as a GRV and then
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propagates it by means of a first-order linearization of the system. If the system
is highly non-linear, however, such a transformation can introduce large errors into
the posterior mean and covariance, occasionally causing a divergence in the filter.
The UKF, on the other hand, addresses this issue from another perspective, making
use of a deterministic sampling approach. This consists of approximating the state
distribution by a GRV, but with a minimal set of selected sample points named sigma
points that encompass the true mean and uncertainty of the GRV. In the UKF, a
weighted sample mean and covariance are then computed after the sigma points are
transformed by a nonlinear function. The posterior mean and covariance can then be
estimated from the transformed sample points to capture the posterior parameters
precisely to the third order of Taylor series expansion of the non-linear dynamic and
observation models. Figure 2.12 shows the different mechanisms through which the
GRV is propagated in both methods.
In terms of the design process, specifying a UKF does not differ much from a
linear Kalman filter, except for one main aspect: instead of defining a matrix F and a
matrix H for state transition and measurement, respectively, we replace them by nonlinear functions f (.) and h(.). Equations 2.6, 2.7 and 2.8 show that the estimation
procedure employed by the UKF is very similar to how a linear Kalman filter works.

Prediction
Y = f (χ)
X
x̂[k|k − 1] =
wm Y
X
P [k|k − 1] =
wc (Y − x̂[k|k − 1])(Y − x̂[k|k − 1])T + Qk
X
µz =
wm h(Y)

(2.6)
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Figure 2.12: Illustration of the propagation of an actual GRV through a first-order
linearization and using the unscented transform. Figure reproduced with permission
from [2].

Innovation
ỹ[k] = z[k] − µz
X
Pz =
wc (h(Y) − µz )(h(Y) − µz )T + Rk
hX
i
Kk =
wc (Y − x̂[k|k − 1])(h(Y) − µz )T Pz −1

(2.7)

Update
x̂[k|k] = x̂[k|k − 1] + Kk ỹ[k]
(2.8)
T

P [k|k] = P [k|k − 1] − KPz K ,
where χ are the sigma points that are related to the corresponding weights wm and wc .
Y is the projection of the sigma points according to the process model defined by a
non-linear function f (.), x̂[k|k−1] is the predicted state associated with the covariance
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P[k|k − 1] at time step k given k − 1. µz and Pz are the mean and covariance of
the measurement sigma points after the unscented transform. The prior sigma points
are used to update the filter in the measurement space. Hence, they are converted
through a measurement function h(.). The residual is given by ỹ[k] and Kk is the
Kalman gain at time step k.
Generating sigma points
As explained in [40], the UKF takes nσ = 2n + 1 samples to represent the
distribution of the current state, where n is the dimension of the state vector as
mentioned in Section 2.4. Let us consider the posterior state x[k|k] and covariance
P [k|k], which represent the distribution of the current state. The first sigma point
is the mean of the state, that is χ0 = xk|k . The remaining 2n points are generated
following Equation 2.9.

χi =


i
hp


x[k|k] +
(n + λ)P [k|k]

for i=1, . . . , n
i

hp
i


x[k|k] −
(n + λ)P [k|k]

(2.9)
for i=(n+1), . . . , 2n

i−n

where λ = α2 (n + κ) − n controls how the sigma points are distributed and weighted,
which depends on parameters α and κ. The greater the parameter α the further
the sigma points spread from the mean. Following [40], a good choice for Gaussian
problems is to set κ = 3 − n and 0 ≤ α ≤ 1.
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CHAPTER 3
PROPOSED APPROACH

In this chapter, we discuss in detail the model we developed for evaluating the performance of the mobile manipulator to carry out a search process. We start by recalling
the motivation for this thesis and the expected improvements over the current stateof-the-art stochastic search method [26]. Then, we analyse the proposed system model
using a linear Kalman filter, discuss the limitations of this approach for our problem,
and finally, present a non-linear model using the UKF.
As mentioned in Chapter 1, our starting point was to study and explore stateof-the-art search methods. Our main reference was [26], where the authors describe a
Bayesian framework for prediction of the end effector position and subsequent Kalman
filter-based stochastic search of retroreflective markers. Although their method outperformed a deterministic search approach, there is still room for improvement.
First, we approach the problem linearly using a linear Kalman filter as our
Bayesian estimator. We propose to dynamically adjust the covariances based on the
source of the measurements. In this way, we indirectly integrate knowledge of the
trajectory at every prediction. We expect this approach to increase the probability of
locating each marker, since the sampling points would be more reliable and closer to
the marker position. Furthermore, we also propose to incorporate the search time into
the state of the system. By doing so, we expect the prediction to be more accurate
and thus reduce the frequency of searches.
We consider first a linear model that follows the equations described in Section
2.5.1. However, experiments reported in Section 3.1.3 revealed that the assumptions
made for the design of such linear model did not sufficiently hold. In particular,
we observed during experimentation variations in base velocity, which was originally
assumed to be relatively constant. Our hypothesis is that some acceleration that was
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unaccounted for was causing drifts in both x and y coordinates of the robot’s base.
In order to mitigate this issue, we adapted our model to a non-linear system that
exploits instead the concept of the Unscented Kalman Filter. The results provided
by each model as well as comparisons against the spiral search and the state-of-theart models are presented in Chapter 5.
3.1

System model
As previously mentioned, this thesis aims to design a mathematical model to

dynamically predict the position of an A-UGV that moves along a known artifact
while carrying a 6DOF robotic manipulator. The objective of the robot is to align
its end effector to fiducials fixed along the corresponding artifact, intercepting them
one by one.
In our model, the state x[k] of the robot base at a time instant k is given by its
position (xb [k], yb [k]) and its velocity (x˙b [k], y˙b [k]), whereas the observed measurement
z[k] corresponds to the observed base position when the robot intercepts a fiducial.
The position of the end effector is given by (xe [k], ye [k]), with the anticipated arm
displacement between the end effector and the base position denoted by the 2-D
vector u[k]. The values of u[k] are based on the arrangement of fiducials and the
extent of the arm. That is,


xb [k]






 yb [k] 

zx [k]
ux [k]

x[k] = 
 , z[k] = 
 , u[k] = 
.
x˙ [k]
zy [k]
uy [k]
 b 


y˙b [k]
The fiducial positions are given by the array xf :


xf,x [1] xf,x [2] xf,x [3] ... xf,x [N ]
xf = 

xf,y [1] xf,y [2] xf,y [3] ... xf,y [N ]

(3.1)
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where N is the number of fiducials. In the remainder of this document, we use the
index j = 1, ..., N to indicate each fiducial.
For simplicity, we assume that the base of the robot moves only along the xaxis, resulting in y˙b [k] = 0. In the presence of noise, the base velocity over the x-axis
is given by x˙b [k] = vb +wx [k], where vb is the user-defined velocity and wx ∼ N (0, Q2x )
is the corresponding noise modeled as zero-mean, normally distributed with standard
deviation Qx . Analogously, the base velocity over the y-axis is given by y˙b [k] =
0 + wy [k] = wy [k], where similarly wy ∼ N (0, Q2y ) is the velocity noise along the
y-axis. Our initial state vector can then be written as
 
xi 
 
 yi 
 
x[1] =   ,
v 
 b
 
0

(3.2)

where xi and yi are the coordinates of the initial base position, which corresponds
to the location of the base where it intercepts the first fiducial. This is when the
Kalman filter is initialized.
Figure 3.1 provides a representation of the scenario captured by the proposed
dynamic model. The blue boxes represent the base of the robot while the black
arrows represent the displacement of the arm after each prediction. The respective
projections ux , uy of the arm on the x− and the y− axes are illustrated in pink, while
the red circles correspond to the fixed fiducials.
We recall that the base does not stop during the search process. Thus, in some
scenarios it might be necessary to skip fiducials that have not been yet intercepted
but are relatively far from the base when the search is concluded. To handle such
cases, the next fiducial ik to be located is defined according to

ik = argmin |xf,x [i] − xf,x [1]| − |t̃f [ik−1 ]vb | ,
i>ik−1

(3.3)
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Figure 3.1: Illustration of the dynamic model. The prediction of the base position
at step k takes place at the previous interception. When the mobile manipulator
reaches the predicted position (xb [k], yb [k]), it starts searching for the fiducial as the
base continues to move. The elapsed time to perform the search is given by δt,e [k]
and the displacement of the arm after the search process is u′ [k].

where t̃f [ik−1 ] is the time between the interception (or end of search) of the first
fiducial and fiducial ik−1 , and xf,x [i] represents the x coordinate of the i-th fiducial.
That is, ik is the fiducial that is closest to the base after it concluded its search for
the previous fiducial ik−1 . Similarly, the variable t̃f [j] corresponds to the absolute
time to get to a fiducial j. Mathematically, this corresponds to:
t̃f [j] =

|xf,x [j] − xf,x [1]|
,
|vb |

j = 1, . . . , N.

(3.4)

Figure 3.2 illustrates the timeline of the events. The search process begins
when the base has reached the predicted base position and starts looking for the
fiducial ik , whose identity is giving by Equation 3.3.
In our model, the observations are given by the relative position between the
end effector and a fiducial marker whose location is known. The base position is then
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Figure 3.2: Timeline of the events of the dynamic model. The reprediction step is to
account for the search time spent on the last step, k − 1. Then the filter updates the
state vector with the measurement collected at step k − 1. Next, it predicts the next
base position for step k.

estimated from the end effector position through the vector u[k], which represents the
displacement between the manipulator and the base. This vector can be estimated
using the robot’s kinematics, as shown in Equation 3.5.


xb [k] + ux [k]
z[k] = 

yb [k] + uy [k]

(3.5)

Based on the state-space representation just described and summarized in
Section 2.4 and Equation 3.1, the dynamic and observation models are then given by
x[k] = Fk x[k − 1] + wk ,

(3.6)

z[k] = Hk x[k] + vk ,

(3.7)
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where Fk is the state-transition matrix, Hk is the observation (measurement) matrix,
and wk and vk are the zero-mean, normally distributed process and observation noises.
Analogous to the aforementioned wk formulation, mathematically, the observation
noise is represented as vk ∼ N (0, R2k ), where Rk denotes the corresponding standard
deviation at time k. Since we do not have any control acting on the system (i.e., no
external force or input that affects the state), there is no control input in Equation
3.6.
3.1.1

Proposed dynamic model using linear Kalman filter
Our initial assumptions were that the base only moves in the x direction,

whereas the arm can move in both x and y directions in order to locate the fiducials
along the path. Under these assumptions and not having any external force and
acceleration, the system can thus be modelled using a linear Kalman filter.
Since the base moves at constant velocity along x-axis, the dynamics of the
predicted target state are then given by:


 xb [k] = xb [k − 1] + δt,b [k]x˙b [k − 1]

 y [k] = y [k − 1] + δ [k]y˙ [k − 1]
b

b

t,b

(3.8)

b

Two prediction events must be taken into consideration. First, we refer simply as prediction to the estimation of x[k] that takes place at the time t̃f [ik−1 ] when
the fiducial ik−1 is intercepted or the corresponding search for it has ended (i.e., no
interception but all search samples have already been considered). Once the subsequent search ends at time t̃f [ik ], a second prediction named reprediction takes place
to re-estimate the base position with the most up-to-date information available. That
is, both the update step as well as the reprediction take place regardless of whether
an interception occurred or not. The difference is how we collect the observation to
update the state of the filter. In the case of interception, the observation is measured
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based on the fiducial position and the arm displacement at the time of interception:


 zx [k] = xf,x [ik ] − ux ′ [k]
(3.9)

 zy [k] = xf,y [ik ] − uy ′ [k]
In the case of failure, we simply obtain the base position from the odometry
and use it as our observation. However, since the odometry is not as reliable as
the manipulator’s kinematics, it introduces additional noise into the system. In such
cases, before updating the filter, we increase the covariance R of the observation noise
vk by multiplying it by a fixed scaling factor γ.
As we mentioned before, we initially assume that the robot only moves in the
direction of the x−axis, with a constant velocity vb . Then, as Figure 3.1 indicates,
the expected time δt,b [k] between the interception of the k-th fiducial and the fiducial
intercepted at step k − 1 can be computed according to
δt,b [k] =

|(xf,x [ik ] − ux [k]) − (xf,x [ik−1 ] − u′x [k − 1])|
.
|vb |

(3.10)

Once a fiducial is intercepted, a prediction step is performed based on the time δt,b [k].
That is, the state transition matrix Fk for the prediction step is given by


0 
1 0 δt,b [k]


0 1
0
δt,b [k]


Fk = 
.
0 0
1
0 




0 0
0
1

(3.11)

After the search process for the fiducial ik ends, the reprediction step is performed
using the interval δt,e [k] to correct for the motion of the base during that period.
That is, the state transition matrix takes the form


0 
1 0 δt,e [k]


0 1

0
δ
[k]
t,e


Fk = 
,
0 0
1
0 




0 0
0
1

(3.12)
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where the search-time δt,e [k] now replaces the δt,b [k] term used in the previous prediction step.
In Figure 3.1, u[k] = (ux [k], uy [k]) and u′ [k] = (u′x [k], u′y [k]) correspond to the
position of the arm before and after the search process, respectively. Whereas u′x [k−1]
can be obtained from the kinematics of the manipulator, ux [k] must be determined
according to the position of the next fiducial. Once the fiducial ik has been determined
according to Equation 3.3, the displacement ux [k] of the manipulator with respect to
the base can be determined based on the position of ik and the position of the base
once it concluded the search for fiducial ik−1 . That is,
ux [k] = sign(vb ) · min(ux−max , |xf,x [ik ] − (xi + t̃f [ik−1 ]vb )|),

(3.13)

where xi represents the x coordinate of the initial position of the base, ux−max is the
maximum allowable displacement of the manipulator, and the term sign(vb ) accounts
for the fact that the direction of motion of the manipulator depends on the direction
of motion of the base. Since we assume the velocity along the y direction is zero, it
follows that
uy [k] = xf,y [ik ] − yi ,

(3.14)

where yi is the y coordinate of the initial position of the base.
3.1.2

Proposed observation model using linear Kalman filter
Once a fiducial is intercepted, we can measure the approximate position of the

base according to the known position of the fiducial and the corresponding displacement of the manipulator, i.e.,
z[k] = xf [ik ] − u′ [k].

(3.15)
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Since the interception takes place δt,e [k] seconds after the predicted base position,
this observation is equivalent to
z[k] = xb [k] + δt,e [k]x˙b [k].

(3.16)

The reprediction step of our algorithm already accounts for the search time δt,e [k].
Thus, it follows that our observation matrix is given simply by


1 0 0 0
Hk = 
.
0 1 0 0

3.1.3

Limitations of the linear model
During the experimental evaluation, we noticed that there is a drift in the

motion of the base which leads to a drift in the end effector as well, as the arm is
mounted on top of the base and thus is subject to any drift of the base. As seen in
Figures 3.3 and 3.4, there is a substantial amount of motion along the y-axis, i.e.,
the drift is significant and causes the assumptions underlying the linear model to be
violated. This led us conclude that our model is not sufficient to address the actual
characteristics of the problem and we mitigated this issue by designing a non-linear
model of the system.
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Figure 3.3: Trajectory of end effector positions during an experiment using the spiral
search method described in Section 2.2.

Figure 3.4: A closer look at the displacement between fiducial 6 and fiducial 7 of the
arrangement 4.9 during spiral search.
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3.1.4

Proposed dynamic model using Unscented Kalman filter
Due to the significant drifts illustrated in Figures 3.3 and 3.4, we noticed

that the base does not move in parallel with the x-axis as we had initially assumed.
As a consequence, we see a remarkable variation of ẋb [k] over time, which leads to
inaccurate predictions of δt,b . Hence, we considered addressing this problem using a
UKF.
The usage of the estimated base velocity ẋb [k] in the prediction step reflects
better the problem peculiarities. For instance, in the linear model we could not make
use of the base velocity ẋb [k] when predicting δt,b in order to maintain the linearity of
the system. Hence, the predicted δt,b was based on a constant base velocity whereas
the actual velocity changes over time.
Furthermore, in Equation 3.10, we were using xf,x [ik−1 ] − u′x [k − 1] as the
current base position, which propagates any kinematics or odometry error impacting
u′ [k]. To better estimate the base position after the search process we can leverage
the state values after reprediction, since this step compensates for the search time
during which the base continues to move. In contrast to the linear formulation, the
UKF-based model makes it possible to use the current state vector to compute δt,b .
Under these new conditions, we thus reformulate Equation 3.10 as
δt,b [k] =

|(xf,x [ik ] − ux [k]) − xb [k]|
.
|x˙b [k − 1]|

(3.17)

Another significant change when transitioning from the linear model to the
non-linear one is the definition of u[k]. Since we can leverage the state vector in the
prediction step, Equations 3.13 and 3.14 can be replaced by


 ux [k] = sign(vb ) · min(xmax , |xf,x [ik ] − xb [k − 1]|)

 uy [k] = sign(vb ) · min(ymax , |xf,y [ik ] − yb [k − 1]|)

.

(3.18)
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All the other equations remain the same as introduced for the linear formulation. Thus, the proposed dynamic problem can be written as
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The corresponded observation model is then given by
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(3.19)

(3.20)

(3.21)

where δt,b is described in Equation 3.17 and δt,e is measured and collected during
simulation.
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CHAPTER 4
DATA COLLECTION SYSTEM

In this chapter, we present the robot model used for our data collection system, followed by an explanation of how we implemented our model in ROS, as well as a
description of the experimental setup, which includes the different fiducial arrangements used to evaluate the robustness of our model. Finally, we provide a discussion
about the parameters used for fine tuning the system model.
The mobile manipulator used for data collection is based on a Universal
Robotics UR5 robotic manipulator attached to an Adept Pioneer LX mobile base
(Figure 4.1a), which we also refer to as the automated guided vehicle (AGV). For
a fully functional simulation of this system, we have designed and implemented a
simulation model in the Gazebo environment (Figure 4.1b).

(a) Pioneer LX + Universal Robotics UR5.

(b) The simulated version of Pioneer LX in
Gazebo.

Figure 4.1: Our robot used to collect data, Pioneer LX (a) and the correspondent
robot in Gazebo.
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4.1

ROS module implementation
Figure 4.2 summarizes the implementation of the proposed system. The UR5

manipulator is controlled by the MoveIt! planning libraries, available in the ROSIndustrial package [41]. The base is controlled using the interfaces provided by the
native navigation stack available in ROS. The navigation stack allows the robot to
perform self-localization using its two-dimensional laser scanner, making it possible
to programatically send the robot to predefined goal positions while maintaining our
ability to control its linear and angular velocities. Finally, these modules are then
controlled by a Python script, which incorporates a motion model based on the UKF
also implemented in Python.

Figure 4.2: Architecture of the the software stack for the mobile manipulator in the
simulation environment. Source: [1].

Figure 4.3 shows the overall ROS node structure of the system. Motion planning is performed by the move base ROS package. An occupancy cost map is generated based on the stationary map as well as on the laser scan observations collected by
the robot. This cost map is used by a grid-based global trajectory planning method
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that uses Dijkstra’s algorithm to compute the optimal robot trajectory to a destination node as well as trajectories produced by a local planner based on the Dynamic
Window Approach [42]. The remaining nodes in the graph are responsible for the
control of the manipulator (move group and robot state publisher ) and the hardware
interface (RosAria and ur driver ).

Figure 4.3: ROS node graph showing the software structure of the robotic platform.
Base navigation is performed by the map server, amcl, and move base nodes. The
move group and robot state publisher nodes are responsible for the control of the
manipulator. The interface with the hardware is performed by the RosAria (base)
and ur driver (manipulator) nodes.

Map Building
Figure 4.4 shows the simulation environment considered in this work and the
corresponding map obtained by the system using the laser scanner attached to the
robot. To incorporate the mapping functionalities into our simulation environment,
we extended our model to include a two-dimensional laser scanner based on the ROS
packages for SICK laser scanners1 . Our model is compatible with the ROS navigation
stack and hence can be utilized in conjunction with any ROS-based mapping library.
1

http://wiki.ros.org/sick scan
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Figure 4.4: Simulation environment incorporating mapping functionalities. Left: the
simulation environment exploited in this thesis, which includes walls and a disambiguation object (box on the top right corner) to allow robot localization. Right:
the map generated for this corresponding environment using the corresponding twodimensional laser scan (green structure aligned with the boundaries of the map in
the picture). The gray region corresponds to areas of high collision probability, as
estimated by the navigation algorithms.

The static navigation map is constructed using the ROS gmapping package2 ,
which provides a laser-based simultaneous localization and mapping (SLAM) algorithm. The map is generated by collecting the laser scans obtained by the robot as
it moves around the environment.
Localization and Motion Planning
The command requests to the navigation stack are performed through the
simple ROS action client shown in Figure 4.5. The robot pose is received using a
ROS tf listener3 .
Once a stationary map is created, the robot can localize itself using the amcl
(Adaptive Monte Carlo Localization) ROS package. More specifically, using the corresponding stationary map provided by a map server ROS node, this package exploits
the adaptive sequential Monte Carlo approach proposed in [43] to estimate the robot
pose. Figure 4.6 illustrates the samples of the robot pose produced by amcl. As
2
3

http://wiki.ros.org/gmapping
http://wiki.ros.org/tf
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Figure 4.5: ROS action client for communication with the navigation stack.

the figure indicates, as the robot moves and collects additional observations using its
laser scanner, the more accurate pose estimates are obtained.

Figure 4.6: Illustration of the amcl -based process of robot’s pose estimation. The set
of vectors in red represent the robot’s pose samples generated by the amcl node. As
the robot moves from the position shown on the left figure to the position on the right
figure, the localization algorithm refines its estimates and thus leads to the observed
reduction in the variance of the samples around the robot position.
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4.2

Robot calibration procedure
Once the robot reaches its initial position, using the ROS action client de-

scribed in Section 4.1, we command the base to move along a known path with a
constant velocity along the direction of the x axis and heading angle θb . We recall
the fact that the base does not stop moving unless it is on registration mode, which is
used to stop the robot to ensure the first fiducial is located. As explained in Section
3.1, this first observation is necessary for initialization of the Kalman filter.
In terms of notation, we recall that the arrangement of fiducials is framed
as a set with j = 1, ..., N fiducials distributed at the positions with coordinates
(xf,x [j], xf,y [j]). While the base moves along the x-axis, the arm moves at each
step according to the predictions generated by the dynamic model in an attempt to
intercept the fiducials. Once the base reaches the predicted fiducial location, a search
process is triggered unless the fiducial is immediately located. The search method
depends on the pre-defined procedure: stochastic or determinic.
After the search, if there is an interception, then an observation (base position)
is computed as the difference between the position of the fiducial and the arm displacement in which the end effector intercepted the marker. Otherwise, the observation
is collected from the base’s odometry. Together with the observation measurements,
the search time and base position error are also recorded. The flowchart in Figure 4.7
summarizes the approach in which we integrated the Python script for robot control
with the mathematical model using UKF. The first part of the flowchart corresponds
to registration, in which we perform 5 attempts to intercept the first fiducial with the
base stopped. We have to make sure that the first fiducial is found because we need
to initialize the filter with this observation.
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Figure 4.7: Flowchart of the proposed model implemented in simulation. The green
boxes correspond to the motion module, implemented separately from the rest of the
code.
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4.3

Configuration of the simulated platform
Our simulation experiments consisted of evaluating the proposed dynamic

model system using the Robot Operating System (ROS) and the Gazebo simulator.
Since ROS is the current de-facto standard development tool for robotics, we opt for
this framework with the intent of increasing the access to our work by researchers
and practitioners in this field. In addition to the mobile manipulator, we integrated
a model of the NIST Reconfigurable Mobile Manipulator Artifact (RMMA) into our
simulation environment. The test points or fiducials consist of retroreflective markers
embedded in the RMMA. While the base moves along a pre-defined test path, the
arm must align a laser pointer to a flat reflector within each fiducial in sequence
until the entire artifact has been observed. In order to detect the fiducials, a laser
sensor is mounted to the end effector. Figure 4.8 illustrates our complete simulation
enviroment.

Figure 4.8: Complete simulation environment implemented in Gazebo. Left: The simulation environment containing the corresponding mobile manipulator, the RMMA
and the disambiguation object Right: An illustration of the corresponding view provided by the camera mounted to the end effector of the mobile manipulator.
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4.4

Experimental setup
Our experimental setup for Gazebo simulations follows the procedures de-

scribed in [1]. We first initialize the robot at a fixed position in which the arm can
reach the first fiducial in the test sequence. For our main set of experiments, the
fiducials are arranged as in Figure 4.9, with corresponding positions with respect to
the global coordinate frame shown in Table 4.1. For a fair comparison of results
with the work described in [1], we perform additional experiments using the fiducial arrangement described in [1]. This arrangement corresponds to Arrangement #2
(Figure 4.10) in this thesis. Furthermore, we also use the arrangement in which the
fiducials are placed along the RMMA, as illustrated in Figure 4.11.

Figure 4.9: Fiducial Arrangement #1, with corresponding positions listed in Table
4.1.

Table 4.1: Arrangement #1: Positions of the fiducials as arranged in Figure 4.9.
xf [i]

1

2

3

4

xf,x [i] (m)
xf,y [i] (m)

1.62
1.51

1.97
1.46

2.31
1.71

3.09
2.23

5

6

7

8

9

2.88 2.34 1.35 1.11 0.72
2.4 2.31 2.25 2.33 2.29
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Each simulation run is performed for 5 different base velocities, ranging from
1.0 cm/s to 3.0 cm/s with a step of 0.5 cm/s. We repeated each of these runs 10
times. The computer used to run all the simulations was an HP Z240 with an Intel(R)
Core(TM) i7-6700 CPU (3.40GHz) and 16 Gb of RAM. The ROS distribution used
was the melodic.

Figure 4.10: Fiducial Arrangement #2, with positions listed in Table 4.2.

Table 4.2: Arrangement #2: Positions of the fiducials as arranged in Figure 4.10.
xf [i]

1

2

3

4

5

6

xf,x [i] (m)
xf,y [i] (m)

0.94
0.34

1.14
0.32

1.37
0.37

1.57
0.32

1.82
0.34

2.00
0.32
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Figure 4.11: Fiducial Arrangement #3, with positions listed in Table 4.3.

Table 4.3: Arrangement #3: Positions of the fiducials as arranged in Figure 4.11.

4.5

xf [i]

1

2

3

4

5

6

7

8

9

xf,x [i] (m)
xf,y [i] (m)

1.16
1.64

1.39
1.51

1.66
1.51

2.79
2.44

2.41
2.49

2.18
2.36

0.87
2.36

0.50
2.51

0.25
2.44

Fine tuning of the system model
In order to optimize the performance of our model, we fine-tuned the Kalman

filter parameters as well as additional parameters that impact the search process.
Such parameters of interest are described below. The performance of the system for
different values of the parameters is presented in Table 5.3 of Section 5.5. The finetuning experiments were repeated 5 times for each configuration.

Sample gap: This parameter represents the quantization step for the end-effector
pose samples generated by the search procedure. Hence, it affects the density
of the search points. The need to fine tune this parameter can be observed in

49
Figure 2.4.
Covariance Q of the process noise:

As the nomenclature suggests, this pa-

rameter refers to how much noise the filter assumes is present in the process of
predicting the next state of the robot. The greater this value, the higher the
covariance P associated to the estimation at each prediction.
Covariance R of the observation noise: This variable impacts the weight given
by the filter to the current measurement during the update of the robot state
vector. The lower this value, the more reliable is the source from which the filter
collects the observation data. We recall that in the case of fiducial interception,
the observation used during update corresponds to the base position taken
from the detected fiducial through the robot’s kinematics. If the search ends
without an interception, the observation is simply the base position obtained
from its odometry after the search ends. Since the measurement using the
fiducial positions is more reliable than the one corresponding to the odometry,
we increase the covariance R for those failure cases. In Table 5.3 of Section 5.5,
these parameters are distinguished from each other by the subscript “failure”
and “interception”.
Initial covariance P of the estimate noise: This initial covariance is a measure
of how accurate the first observation is. It is used to initialize the filter and
thus affects the functionality of the filter, since a poor initial covariance will be
cascaded through the whole chain of the prediction-update loop . In a scenario
where the filter is well modeled, the covariance P associated with the estimates
from the filter should decrease over time. Otherwise, the filter’s performance
may decrease as its predictions are accompanied by higher uncertainties.

50
CHAPTER 5
EXPERIMENTAL RESULTS AND ANALYSIS

To assess the overall performance and the robustness of the proposed dynamic
model, we performed experiments using different filter parameters, fiducial arrangements, and base velocities. In addition to the interception rate, the search time
and the position error were also computed as evaluation metrics. For each of the
considered metrics, results obtained with our models are compared to traditional deterministic search methods.
5.1

Evaluation metrics
The metrics used to determine the precision and efficacy of the proposed model

are listed as follows:
Interception rate: The total number of intercepted fiducials across repeated runs
of the experimental procedure, divided by the total number of experiments
performed (e.g., number of different base velocities × number of runs).
Average search time: The sum of all the search times divided by the total number
of searches performed over multiple experimental runs (e.g., number of fiducials
× number of base velocities × number of runs).
Position error of the base: The difference between the observed base position
and the corresponding prediction.
5.2

Experimental results
The results in this section are divided into three groups. First, we provide a

comparison between the performance of the linear Kalman filter and the UKF. We
then contrast the search performance under different fiducial arrangements. Finally,

51
the last set of experiments focuses on the effects of fine-tuning the UKF parameters.
In Section 5.7, we provide a discussion of the results presented in this section.
5.3

UKF vs. linear Kalman filter
Experiments comparing the linear and non-linear (i.e., UKF) versions of the

Kalman filter were carried out for fiducial Arrangement #1, which consists of 9 fiducials (3 on the first side + 6 on the second side) distributed as shown in Figure 4.9.
For both methods, the corresponding KF was initialized independently for each side,
such that error from the first side does not accumulate and impact the performance
on the second side. The common Kalman filter parameters were set to Q = 6 × 10−8 ,
Rinterception = 4 × 10−8 , and Rfailure = 4 × 10−4 , with the samplegap search parameter
set to 0.5. Interception rates and search times as a function of base speed for both
models are presented in Figure 5.1, and the results are summarized in Table 5.1.

Interception Search
[%]
time [s]
Linear KF
71.55
4.02
UKF
89.11
2.68
Table 5.1: Average interception rate and average search time achieved by the linear
Kalman filter and the fine-tuned UKF under Arrangement #1.
Method

5.4

UKF vs. spiral search under different fiducial arrangements
The experiments described in this section were carried out with the same

Kalman filter parameters listed in Section 5.3, but with the three different fiducial
arrangements illustrated in Figures 4.9, 4.10, and 4.11. The primary goal of these
experiments is to evaluate the robustness of the proposed model to different fiducial
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(a) Interception rate - Linear KF

(b) Interception rate - UKF

(c) Search time - Linear KF

(d) Search time - UKF

Figure 5.1: Comparison between the linear Kalman Filter and the fine-tuned UKF
in terms of interception rate and search time for Arrangement #1.

arrangements. Moreover, we compare our model with the spiral search method proposed in [26]. Figures 5.2, 5.3 and 5.4 compare the performance of our fine-tuned
model against the spiral method for each fiducial arrangement. Table 5.2 contrasts
the overall performance of both methods for each arrangement.
We noticed that there is some variability in the experimental runs. Specifically,
when re-initializing ROS/Gazebo between runs, we observed a significant fluctuation
in the interception rates obtained in our experiments. Figure 5.5 shows the interception rates of our model and the spiral search strategy for different runs of the
experiment.
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(a) Interception rate - UKF

(b) Interception rate - Spiral

(c) Search time - UKF

(d) Search time - Spiral

(e) Position error - UKF

(f) Position error - Spiral

Figure 5.2: Performance comparison between the optimal fine-tuned UKF against
the spiral search method for Arrangement #1.
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(a) Interception rate - UKF

(b) Interception rate - Spiral

(c) Search time - UKF

(d) Search time - Spiral

(e) Position error - UKF

(f) Position error - Spiral

Figure 5.3: Performance comparison between the optimal fine-tuned UKF against
the spiral search method for Arrangement #2.
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(a) Interception rate - UKF

(b) Interception rate - Spiral

(c) Search time - UKF

(d) Search time - Spiral

(e) Position error - UKF

(f) Position error - Spiral

Figure 5.4: Performance comparison between the optimal fine-tuned UKF against
the spiral search method for Arrangement #3.
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Interception Search
Position
[%]
time [s] error [mm]
Spiral search
88.44
1.51
11.32
#1
UKF
89.11
2.68
9.59
Spiral search
95.33
0.46
5.42
#2
UKF
94.00
0.70
6.19
Spiral search
86.67
2.38
11.81
#3
UKF
68.67
3.33
8.24
Table 5.2: Performance under different fiducial arrangements and search methods.
Arrangement

5.5

Method

Fine-tuning of the model
The experiments described in this section were carried out using fiducial Ar-

rangement #1 at first. The same configurations used to fine tune the system model
under this arrangement are then used to fine tune the model under Arrangements #2
and #3. The experimental procedure was the same as the one described in Section 5.3
but with the difference that we now vary the samplegap, Q, Rinterception , Rf ailure and
P parameters of the Kalman Filter described in Section 4.5. As Table 5.3 indicates,
for each set of experiments, we change one parameter at a time. In order to accelerate
the data collection process, the fine-tuning experiments were carried out using 5 runs
for each configuration, with the exception of our original configuration #1 (10 runs).
The best model achieved by each arrangement was repeated 5 additional times for
a fair comparison with the spiral method and with our original configuration. That
is, for Arrangement #1, Configuration #6 showed the best performance, thus we
deemed this configuration #6 A, and #6 B corresponds to five additional runs of the
same configuration.
Figure 5.2 shows the performance of our optimal fine-tuned UKF model against
the spiral search method, when deployed in Arrangement #1. Figure 5.6 illustrates
in more details the interception per fiducial for the best configuration we achieved
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Parameters

#1

#2

#3

Configuration
#4
#5

samplegap
Q
Rinterception
Rf ailure
P

0.5
6e-8
4e-8
4e-4
6e-8

1.0
6e-8
4e-8
4e-4
6e-8

1.5
6e-8
4e-8
4e-4
6e-8

0.5
4e-8
4e-8
4e-4
4e-8

Interception
Search time [s]
Base error [mm]

78.89%
3.41
8.69

85.78%
2.15
9.09

81.78%
2.04
10.89

78.22%
3.86
8.42

#6 A

#6 B

#7

0.5
1e-7
4e-7
4e-4
6e-8

0.5
6e-8
4e-8
4e-4
1e-7

0.5
6e-8
4e-8
4e-4
1e-7

1.0
6e-8
4e-8
4e-4
1e-7

68.00%
4.32
6.97

90.67%
2.52
9.96

89.11%
2.68
9.59

81.78%
2.52
10.35

Table 5.3: Fine tuning of UKF and search parameters for Arrangement #1.

after fine-tuning the parameters.
After fine-tuning, the UKF outperformed the spiral search method for Arrangement #1 in terms of interception rate and position error, which motivated us
to use the same configuration of parameters for Arrangements #2 and #3. Figure
5.7 shows the performance for these two arrangements. As the figure indicates, the
optimal set of parameters for one fiducial arrangement does not necessarily perform
well for different arrangements. That is, model fine-tuning is needed for each arrangement.
We also explored the same configurations (from #1 to #6) as in Table 5.3
under Arrangements #2 and #3. The results are shown in Tables 5.4 and 5.5, respectively. And the comparison between the fine-tuned model of UKF with spiral
search are shown in Figures 5.3 and 5.4.
5.6

Performance as a function of distance between fiducials
As Tables 5.6 and 5.8 indicate, in Arrangements #1 and #3 (Figures 4.9 and

4.11), the distance between fiducials 6 and 7 is much higher than the average interfiducial distance. This implies a larger gap for the robot to accumulate uncertainties.
That is, by the time the robot reaches fiducial 7, its actual state differs significantly
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Configuration
#3
#4

Parameters

#1

#2 A

#2 B

samplegap
Q
Rinterception
Rf ailure
P

0.5
6e-8
4e-8
4e-4
6e-8

1.0
6e-8
4e-8
4e-4
6e-8

1.0
6e-8
4e-8
4e-4
6e-8

1.5
6e-8
4e-8
4e-4
6e-8

Interception
Search time [s]
Base error [mm]

91.33%
1.12
4.75

95.00%
0.66
6.78

94.00%
0.70
6.19

85.00%
0.76
4.87

#5

#6

0.5
4e-8
4e-8
4e-4
4e-8

0.5
1e-7
4e-7
4e-4
6e-8

0.5
6e-8
4e-8
4e-4
1e-7

86.67%
1.12
4.43

92.67%
1.35
5.10

86.67%
1.35
4.85

Table 5.4: Fine tuning of UKF and search parameters for Arrangement #2.

Configuration
#3
#4

Parameters

#1

#2 A

#2 B

samplegap
Q
Rinterception
Rf ailure
P

0.5
6e-8
4e-8
4e-4
6e-8

1.0
6e-8
4e-8
4e-4
6e-8

1.0
6e-8
4e-8
4e-4
6e-8

1.5
6e-8
4e-8
4e-4
6e-8

Interception
Search time [s]
Base error [mm]

60.44%
5.27
8.29

71.56%
3.14
8.61

68.67%
3.33
8.24

59.56%
2.66
7.72

#5

#6

0.5
4e-8
4e-8
4e-4
4e-8

0.5
1e-7
4e-7
4e-4
6e-8

0.5
6e-8
4e-8
4e-4
1e-7

57.33%
5.06
7.87

56.00%
5.79
9.62

61.33%
5.36
6.11

Table 5.5: Fine tuning of UKF and search parameters for Arrangement #3.

from the prediction computed after the search for fiducial 6. If the robot then fails
to intercept fiducial 7, it is unable to correct this error and the uncertainty is propagated to the subsequent fiducials. This reduces the interception rate for the last
three fiducials and consequently the overall performance of the system. Figure 5.8
illustrates this behavior.
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Fiducials IDs considered
Distance between fiducials [m]

1 to 2
0.35

2 to 3
0.34

Interception rate (UKF)
Interception rate (Spiral)

0.88
0.84

0.88
0.78

Arrangement #1
4 to 5 5 to 6 6 to 7
0.21
0.54
0.99
0.94
0.96

0.94
0.94

0.74
0.80

7 to 8
0.22

8 to 9
0.42

0.78
0.88

0.86
0.76

Table 5.6: Interception rate for both stochastic and deterministic methods as a function of distance between fiducials in Arrangement #1, Figure 4.9.

Fiducials IDs considered
Distance between fiducials [m]

1 to 2
0.2

Interception rate (UKF)
Interception rate (Spiral)

0.88
1.00

Arrangement #2
2 to 3 3 to 4 4 to 5
0.23
0.2
0.25
0.92
0.96

1.00
0.86

5 to 6
0.18

0.92
0.94

0.92
0.96

Table 5.7: Interception rate for both stochastic and deterministic methods as a function of distance between fiducials in Arrangement #2, Figure 4.10

Fiducials IDs considered
Distance between fiducials [m]

1 to 2
0.23

2 to 3
0.27

Interception rate (UKF)
Interception rate (Spiral)

0.62
0.94

0.42
0.76

Arrangement #3
4 to 5 5 to 6 6 to 7
0.38
0.23
1.31
0.88
0.86

0.86
0.90

0.32
0.42

7 to 8
0.37

8 to 9
0.25

0.56
0.96

0.52
0.96

Table 5.8: Interception rate for both stochastic and deterministic methods as a function of distance between fiducials in Arrangement #3, Figure 4.11
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(a) Arrangement #1 - UKF

(b) Arrangement #1 - Spiral

(c) Arrangement #2 - UKF

(d) Arrangement #2 - Spiral

(e) Arrangement #3 - UKF

(f) Arrangement #3 - Spiral

Figure 5.5: Performance as a function of iterations. Different rows correspond to
different fiducial arrangements. Left: results with the UKF. Right: results with the
spiral search.
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Figure 5.6: Interception per fiducial over 10 runs per base velocity, with Arrangement
#1 (Figure 4.9) and UKF model configuration #6 B of Table 5.3.
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(a) Interception rate for Arrangement #2.

(b) Interception rate for Arrangement #3.

(c) Search times of Arrangement #2.

(d) Search times of Arrangement #3.

(e) Position error of Arrangement #2.

(f) Position error of Arrangement #3.

Figure 5.7: Performance of the fine-tuned model for Arrangements #2 and #3.
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(a) Arrangement #1 - UKF

(b) Arrangement #1 - Spiral

(c) Arrangement #2 - UKF

(d) Arrangement #2 - Spiral

(e) Arrangement #3 - UKF

(f) Arrangement #3 - Spiral

Figure 5.8: Performance as a function of distances between fiducials for each arrangement after fine tune. Different rows correspond to different fiducial arrangements.
Left: results with the UKF. Right: results with spiral search.
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5.7

Discussion of the results
Figure 5.1 shows that by changing the model from linear to non-linear, more

fiducials are intercepted. One likely justification is that the UKF model better represents the actual characteristics of the system, which leads to a performance improvement of the filter. By incorporating the non-linearity of the system into its prediction
step, the state vector better reflects the actual position of the base, and thus lower
search times are needed to locate the fiducials.
Another interesting issue to point out is the fact that the linear Kalman filter
shows an upward trend in interception rate as the velocity increases. A likely justification for this behaviour is that by moving the base faster there is less room for the
motion drift shown in Figure 3.4. Hence, the linear Kalman filter performs well in
those scenarios. In contrast, the UKF incorporates the drift into its estimates, such
that for base velocity vb = 1 cm/s the robot intercepts almost all the 9 fiducials in
most experimental runs of Arrangement #1. However, this explanation needs further investigation, as discussed in Chapter 6. As Table 5.1 indicates, with the same
parameters, in comparison with the linear model, the UKF increases the interception
rate by 17.56% while reducing the average search time by 33.33%.
In Section 5.4, we evaluated how the proposed dynamic model using UKF
performs under different fiducial arrangements. Figures 5.2, 5.3 and 5.4 show that
regardless of the arrangement, there is a downward trend in interception rate as
the velocity increases (for the UKF). This is because at higher base velocities, the
compensated samples are forced to spread over longer distances that might be out of
the robot’s workspace. Furthermore, due to higher velocities of the base, for longer
search intervals, frequently it is not possible to reposition the arm in time to intercept
the next fiducial. This scenario occurs quite often, especially when moving from
fiducial 7 to fiducial 8 in Arrangement #1 (Figure 4.9), where the fiducials are close
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to each other. Figure 5.6 illustrates this pattern: when marker 7 is not intercepted
at higher velocities, then marker 8 is less likely to be found as well. In contrast, for
vb = 1 cm/s, we see a higher interception of marker 8 even though the interception
of marker 7 is lower at that velocity. This is because lower velocities allow the arm
to be repositioned before approaching the next fiducial.
For Arrangement #2, our proposed approach outperformed the KF-based approach proposed in [26], which was our main baseline. Tested under the same fiducial
configuration used in [26], our model achieved an average performance of 91.33% over
10 runs. In contrast, as reported in [26], the model presented by Yaw et al. achieved
71.17% in their simulated experiments for the same number of iterations.
It is worth mentioning that the average position error in all the three arrangement scenarios is lower for the UKF than for the spiral search approach. This
is because the predictions from the Kalman filter help the mobile manipulator get
closer to the fiducial and is thus more accurate than the deterministic approach. The
mean position errors for each method and each arrangement can be found in Table
5.2.
Another interesting observation regarding the results in Section 5.4 is that
the spiral search method intercepted more fiducials with a lower search time, before
fine tuning the UKF model. Two main issues justify this pattern. First, we noticed
that the performance of the Kalman filter decreases when the distance between two
fiducials is significantly high (for instance, between fiducial 6 and 7 in Arrangements
#1 and #3). With longer distances, we observe higher motion drift in the direction
of the y axis. Hence, by the time the mobile manipulator reaches the predicted state,
its actual state may not reflect the state that was predicted at the previous time step.
This is evident in Figure 5.8, where interception rate is very high for short distances
between fiducials but it decreases significantly when the mobile manipulator has to
travel further (e.g., when it approaches fiducial 7 in Arrangements #1 and #3). It is
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noticeable that the spiral search also performs poorly for this fiducial in particular,
due to the drift that increases along the distance travelled. However, since we designed
our Kalman filter to update with an observation even when a fiducial interception
does not occur, for fiducial 7 it receives an inaccurate measurement from the base’s
odometry after the search process ends. This inaccurate measurement influences the
following predictions, leading to poor performance for the remaining fiducials. Figure
5.6 shows that the last three fiducials have the poorest interceptions rates.
The second reason why the spiral search method outperformed the UKF in
our experiments before fine tuning is due to the ROS kinematics solvers on which we
rely to position the arm. We noticed that, besides the drift of the base, the arm is not
positioned to our predicted position, introducing additional drift in the end effector
when compared to the desired position. We mitigated the arm positioning issue by
correcting the pose of the manipulator to place its end effector in a specific location
such that the distance from the base to the end effector corresponds to the predicted
arm displacement. However, when the drift of the base is significant, this strategy
may place the arm further from the fiducial location, instead of correcting it. In these
scenarios, the stochastic sampling points are not centered at the expected marker
position. Instead, they are centered at the location of the predicted displacement
of the arm plus the drift of the base. Hence, the fiducial would be less likely to be
intercepted. In contrast, the deterministic approach does not sample according to a
probabilistic distribution, such that, even in the presence of drift, the sampling points
still cover the fiducial position, which will most likely be intercepted after a longer
search period.
In Table 5.3, we presented the results of experiments in which we vary the
process and observation noises in an attempt to improve the performance of the UKF.
We exploit different combinations of these parameters and inspect the influence of
each variable in the overall performance. The results indicate that increasing the
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initial covariance P results in more accurate estimates, leading to higher interception
rates.
Figure 5.2 then compares our fine-tuned model against the spiral search for
Arrangement #1. As presented in Table 5.3, with a more accurate estimate of the
initial covariance of the process noise, our proposed model intercepted 89.11% of the
fiducials, against the 88.44% interception rate obtained by the spiral search strategy.
In terms of search time, the stochastic approach took an average search time of 2.68s,
whereas the mean search time for the spiral search strategy was 1.51s. In terms of
position error, it is clear that the UKF performs better, with a mean position error
of only 9.59mm, against a mean position error of 11.32mm for the spiral method.
However, the fine-tuned model (Configuration #6 B) obtained with Arrangement #1 does not show significant improvement for the other two arrangements, as
illustrated in Figure 5.7. For Arrangement #2, the interception rate is 87.33% for
this fine-tuned model, a drop of almost 4% when compared to the model before the
attempt to fine-tune the model for the same arrangement. For Arrangement #3,
the fine-tuned model of Arrangement #1 reached an interception rate of 63.56%, an
increase of 3.12% compared with the version prior to fine-tuning. Despite this improvement, the performance of the UKF for Arrangement #3 is still lower than that
of the spiral method.
In an attempt to obtain a UKF model that performs better than spiral search
for Arrangements #2 and #3, we explored the same parameter configurations listed
in Table 5.3 for these two arrangements. The results are shown in Tables 5.4 and 5.5.
For Arrangement #2, we observe that a higher sample gap improves the interception
rate from 91.33% to 95.00%, which is comparable to the performance of spiral search
for this same arrangement, which has an interception rate of 95.33%, as shown in
Table 5.2. Another interesting issue to point out is the fact that increasing the
process covariance Q results in higher interception rates. For Arrangement #3, the
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interception rate improved from 60.44% to 68.67%. More extensive fine-tuning of the
model parameters would likely lead to additional performance improvements.
Finally, as seen in Figure 5.5, the performance per iteration varies substantially, especially in cases when it is necessary to re-initialize ROS/Gazebo. This
variability in the experimental runs demonstrates the complexity of the overall system, and justifies the need for additional parameter refinement.
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CHAPTER 6
CONCLUSION

In this thesis, we have dealt with the problem of dynamic modeling of mobile
manipulators. We present potential applications of manipulators within different environments, such as healthcare, manufacturing, navigation, and especially industrial
automation. Regardless of their numerous applications, mobile manipulators still
lack accuracy in end effector positioning in the absence of external localization and
feedback control. The need to calibrate mobile manipulators stems from the fact that
they tend to suffer from reduced precision in comparison with stationary manipulators, where there is no motion of the base. As a consequence, the need for a dynamic
performance measurement arises. Two search methods have already been proposed in
earlier works: a stochastic approach and a deterministic one. The methods proposed
in this thesis build upon these approaches.
Our first observation was that progress could be made in the theoretical model
of the stochastic search procedure. For instance, a dynamic adjustment of the process covariance can improve the estimation step of the Kalman filter. This can be
accomplished by increasing the covariance of the observation noise when a marker is
not found after the search process. As a consequence, this procedure results in the
generation of sample points that are closer to the fiducial position and thus increase
the probability of locating it. Consequently, the search time could be reduced if we
take into account the interval between observations in the prediction process, such
that the sampling will be more precise and thus, less amount of time will be needed
to find the fiducial.
Based on these observations, we developed a dynamical model that better
reflects the characteristics of mobile manipulators. More specifically, we developed
a Bayesian algorithm using an Unscented Kalman filter to better estimate the pose
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of the mobile manipulator in a scenario where the arm and the base move simultaneously. As demonstrated in Chapter 5, although our stochastic search mechanism,
performs significantly better than our baseline, it needs to be fine tuned to outperform the deterministic method. Our additional fine tuning experiments revealed
that, under specific process and observation covariances, it is possible to obtain an
improved stochastic model that performs comparably to and sometimes outperforms
the spiral search method. The remaining set of search parameters, such as the sample
quantization step also play an important role in the performance of the stochastic
search algorithms. However, this optimal set of parameters depend on the arrangement of the fiducials, since the fine tuned system model for Arrangement #1 does
not outperform the spiral search method when tested under Arrangements #2 and
#3, which require a different set of parameter values. This leads us to conclude that
the complexity of the system and the drift of the base affect the performance of the
stochastic search, and fine tuning is thus needed. We determined that designing an
effective calibration procedure using a Kalman filter requires knowledge of the peculiarities of the environment as well as the characteristics of the noise corrupting its
dynamic state and the measurements.
6.1

Future work
Our proposed model using a UKF only performed better than the spiral search

strategy after we fine-tuned the model parameters. However, manually fine-tuning
those parameters requires significant human effort. One line of future work would
be a more comprehensive study of how the covariances impact the performance and
whether it is possible to estimate these uncertainties using automated techniques.
Another immediate future work direction that we have already started pursuing is the implementation and evaluation of our model in a real mobile manipulator.
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This will validate the conclusions obtained from the simulated experiments and ensure that our proposed approach is applicable to real-world scenarios.
Moreover, our mobile manipulator platform and its corresponding model can
be further extended by incorporating a camera mounted to the end effector of the
manipulator. This would make it possible to explore vision-based pose estimation
algorithms to improve the localization of the platform and reduce fiducial interception
errors.
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